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Abstract 



I In |Laf08[ ILaf09] , Vincent Lafforgue proved strong Banach prop- 

■ erty (T) for SL^ over a non archimedian local field F. In this paper, 

we extend his results to Sp4 and therefore to any connected almost 
F-simple algebraic groups with F-split rank > 2. As applications, the 
family of expanders constructed from any lattice of such groups can- 
not embed uniformly into any Banach space of type > 1, and any 
isometric affine action of such groups in a Banach space of type > 1 
has a fixed point. 
^ ■ 
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1 Introduction 

In |Laf081 [Laf09j . Vincent Lafforgue proved strong Banach property 
(T) for SL^ over a non archimedian local field F. In this paper, we 
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extend his results to 5^4 and therefore to any connected almost F- 
simple algebraic groups with F-split rank > 2. As applications, the 
family of expanders constructed from any lattice of such groups cannot 
embed uniformly into any Banach space of type > 1, and any isometric 
affine action of such groups in a Banach space of type > 1 has a fixed 
point. 

To make the statements precise, we begin by adopting the nota- 
tions in |Laf09] . We say that a class of Banach spaces £ is of type > 1 
if there exists p > 1 (called the type) and T € such that for any 
E € £, n gN* and xi, G E, we have 

n I n I 

(^^Ej|5:e.x.|||)^<T(5:i|x.|||)^ 

i=l i=l 

Let £" be a class of Banach spaces stable under complex conjugation 
and duality. Let ^ be a length function of G. Denote Sq/ the set of 
isomorphic classes of representations (E, vr) of G such that E G £ and 

h{9)\\ciE)<e'^^^ 

for any g G G. Denote Cf{G) the completion of compactly supported 
functions Cc{G) on G by the norm 

ll/llcf{G) = SUP(£;,^)g£-g_J| j f{g)TTig)dg\\c(E)- 

Definition 1.1 We say that a locally compact group G has strong 
Banach property ( T) if for any class of Banach spaces £ of type > 1 
stable complex conjugation and duality, and any length function £ over 
G, there exists sq > such that the following holds. For any C > 
and So > s > 0, there exists a real self-adjoint idempotent element p 
in C^_|_g^(G), such that for any representation {E,it) G £g^c+sI^ 
image of '/r(p) consists of all G-invariant vectors in E. 

Let F be a non archimedian local field. The purpose of this paper 
is to prove the following theorem. 

Theorem 1.2 Any connected almost F-simple algebraic group with 
F-split rank > 2 has strong Banach property (T). 

The following definition corresponds to the special case of isometric 
actions. 

Definition 1.3 We say that a locally compact group G has Banach 
property (T) if for any class of Banach spaces £ of type > 1 sta- 
ble under complex conjugation and duality, there exists a real self- 
adjoint idempotent element p in Cq{G), such that for any represen- 
tation {E,Tr) E £g,o^ the image o/ 7r(p) consists of all G-invariant 
vectors in E. 
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Remark. If a locally compact group G has (strong) Banach property 
(T) with p € C^_|_5^(G) being the corresponding idempotent, there 
always exist p„ G Cc(G) of integral 1, such that p„ converges to p in 



s„ 7^ for big enough n and p„ = pn/sn has integral 1 and tends to 
P- 

With the remark above and the same argument as in theorem 5.4 in 
|Laf09] ■ we obtain the following theorem ll.4[ Let L be a discrete group 
with Banach property (T). Let (rj)jgN be a family of subgroups of F 
such that Ir/Fjl tends to infinity. Let S a finite symmetric system 
of generators of T which contains 1. For any i > 0, Xi = F/F, is 
endowed with a graph structure associated to S and we denote by di 
the associated metric. As F has the usual property (T), Xi forms a 
family of expanders. We say that the family Xi is embedded uniformly 
in a Banach space E, if there exists a function p : N — )■ M-|- tends to 
infinity at infinity and 1-Lipschitz maps fi : Xi ^ E such that 



for any i € N and x,y (z Xi. 

Theorem 1.4 LetT be any discrete group with Banach property (T). 
Then the family of expanders (Xi,di) constructed above does not admit 
a uniform embedding in any Banach space of type > 1. 

Since strong Banach property clearly implies Banach property (T), 
and Banach property (T) is inherited by lattices (proposition 5.3 in 
[LafOQj ^. when F is a lattice of a connected almost F-simple algebraic 
groups of -F-split rank > 2, we see that the family of expanders con- 
structed above does not admit a uniform embedding in any Banach 
space of type > 1. 

As a consequence of proposition 5.6 in |Laf09j . we immediately 
obtain: 

Proposition 1.5 Let G be a connected almost F-simple algebraic 
group with F-split rank > 2. Then any isometric affine action of G{F) 
on a Banach space of type > 1 has a fixed point. 




and hence |1 




\\fi{x) - fi{y)\\E > p{di{x,y)) 
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This paper will be part of my PhD thesis in Universite Paris 
Diderot- Paris 7. I would like to thank my thesis adviser Vincent 
Lafforgue for his encouragement and guidance, and very helpful dis- 
cussions about this paper. 

Here is how the paper is organized. In section 2, we review the 
theorem of strong Banach property (T) for SL^ in [ Laf09] and state 
the corresponding theorem 12.31 for Sp4. In section 3 and 4, we prove 
theorem 12.31 when char(i^) ^ 2 and char(F) = 2 respectively. In 
section 5, we adapt a well known argument |DKl IVasl Wang| and 



extend the results of SL^ and Sp4 to any almost F-simple algebraic 
groups with F-split rank > 2. 

2 Strong Banach property (T) for Sp4(F) 

Let £ be any class of Banach spaces of type > 1, stable under complex 
conjugation and duality. Let -F be a non archimedian local field, O 
the ring of integers of F, tt one of its uniformizer, F the residue field, 
and q the cardinality of F. The following proposition from |Laf09) 
(corollary 2.3) introduces a parameter a > for the class £. 

Proposition 2.1 There exists a > and h & N* such that for any 
E & £ we have 

\\Ta/^Ha^lE\\ 

where Ta/^ho ® Is e C{f{0/TT''0, E),f{0/^0, E)) is defined by 
{To/^>^o<^^E)if){x)= E xia)f{a), 

for any x & oJ^O and f G f[0/T^^O, E). 

It is proved in [Laf09| that SL^{F) has strong Banach property 
(T). 

Theorem 2.2 (Theorem 4.I of lLaf09f ) Let G = SLsiF), and i be 
the length function on G defined by 

ilkiTr"^ I TT-i \)k'^ =i + j, 

for any k,k' G SL^iO) and i,j > with i-je 3Z. Let p G [0, ^). 
There exists t,C' > such that for any C G M+, there exists a real 
and self-adjoint idempotent element p G C^^i^^{G) such that 
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(i) for any representation {E,tt) S £G,C+I3i> the image o/7r(p) is 
the subspace of E consisting of all G-invariant vectors, 

(a) there exists a sequence p„ G Cc{G), such that \pnig)\dg < 
1, pn has support in {g € G,i{g) < n}, and 



IP 



Now we turn to Sp/^. Let G = Sp^^F), which is the group of 4 x 4 
matrices g over F such that ^gJg = J where J is the skew-symmetric 
matrix, 



J 



Let K = Sp4{0) (i.e. the subgroup in Sp4{F) whose matrix elements 
are in O). For any {i,j) G let 
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By ||g|| we denote the norm of the operator g G End(-F'^) w.r.t. the 
standard norm on F^, i.e. = maxi<Q_/3<4 \gai3\- Similarly, denote 
||A^(jr|| the biggest norm of all 2 x 2 minors of g G G, which is the 
norm of hP'g G End(A^F^) w.r.t. the standard norm on A^F^. Let 
A = {(i, j) G N^, i > j}. Any element in G has the form kD{i,j)k' for 
some {i,j) G A and k, k' G K. For such a g = kD(i,j)k' G G, we have 
ll^ll = and IIA^fl'll = q^~^^ , and this gives a bijection from K\G/K 
to A by 5 I—;- which is the inverse of i— > KD(i,j)K. Let i 

be the length function of G defined by £{kD{i, j)k') = i + j, for any 
k,k' e K and (i, j) G A. 

We will prove the following theorem with the argument used in 
|Laf09] for the proof of theorem 12.21 (note that the statement is the 
same except for the range of /3). 

Theorem 2.3 Let a and h be as in proposition \2.1[ and (3 G [0, ^). 

There exists t,C' > such that for any C G M+, there exists a real 
and self-adjoint idempotent element p G C^^_^£(G) such that 

• (i) for any representation {E^tt) G £G,c+i3t, the image o/7r(p) is 
the subspace of E consisting of all G-invariant vectors, 

• (a) there exists a sequence p„ G Gc{G), such that Jq \Pn{g)\dg < 
1, Pn has support in {g G G,i{g) < n}, and 
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3 Proof of theorem [2^31 when char(F) ^ 

2 



This section is dedicated to the proof of theorem 12.31 when the charac- 
teristic of F is different from 2. Most of the claims in this section are 
only true when char(F) 7^ 2, but some are still valid in characteristic 
2 and will be used in the next section for the proof in characteristic 2. 

When charF ^ 2, we denote vq the valuation of 2 € O. For any 
a G M, denote [aj (resp. \a]) the biggest (resp. smallest) integer < a 
(resp. > a). 

Let {E, vr) be any continuous representation of G of a Banach space 
E, {V, r) any irreducible unitary representation of K. For fixed ^ G E 
and 7] G V E*, we denote c{g) = vr((j()^) G V for any g G G. By 
abuse of notation we write 

c{i,j) = {ri,Tr{D{i,j))^). 

Proposition 3.1 Suppose that char{F) ^ 2. Let a be as in propo- 
sition [Kli /3 E [Oi There exists C > 0, such that the following 
holds. Let C € M^, {E, vr) any element in Scc+ise^ (^''^d ^ G E, r] € E* 
any K -invariant vectors of norm 1. There exists Cqo G C, such that 
for any i > j > 0, 

|c(z,J)-Coo|<C7'e2^-(^-2«^ 

Proposition 3.2 Suppose that char{F) ^ 2. Let a he as in proposi- 
tion \2.1\ (3 G [0)^); o'^^ i^^'^) ^ ''^on trivial irreducible unitary rep- 
resentation of K. There exists C > 0, such that the following holds. 
Let C G M^, {E,Tr) any element in £g,C+PIj (''f^d ^ E, r] V E* 
any K -invariant vectors of norm 1. We have for any i > j >0, 

\\c{^,J)\\v<C'e'^-(^-'^^>\ 

Proof of theorem 12.31 when char(F) 7^ 2 assuming propo- 
sition 13.11 and 13. 2t Let Pg = CK^g^K-, where ck = Ckdk and dk 
is the Haar measure on K such that K has volume 1. As a conse- 
quence of proposition 13.11 we see that the limit p = lim£(g)_j.oo Pg ex- 
ists in Cc+i3i{G) - ^ ^'^^^ ™^ self-adjoint element because Pg = Pg, 
and P* = Pg-^- Moreover for any k € K and g,g' G G we have 
£{gkg') > i{g') — £{g~^), which gives 

GRGg-p = lim CK / Pgkg'dkCK = P, 

and therefore p^ = p. 
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On the other hand, for any non trivial irreducible representation 
{V,t) of K, denote = n fj^Tv{T{k))ekdk E C^^_^£(G), where n = 
dimV. For any {E,tt) G £'g,c+/3^) define vf : G C{E*) by Tt{g) = 
'^Tr{g~^), then TT{e\)E* is the subspace of vectors in E* whose -fC-type 
is V. For any ^ € TT{e\)E* there exist JC-invariant vectors r]i G 1/*(8)£J* 
and vectors € 1 < i < n, such that ^ = Yll=i{'nii'^i) ■ By applying 
proposition 13.21 to V* and we have e^e^e/^ — )■ in when 

£{g) — )■ cxD, and therefore ej^e^p = 0. 

For any {E,tt) G Ec^c+pi-, any x G E and any JC-finite vector 
y G E* , we have 

(y,7r(egp)x) = ^ {TT{eK)y,TT{egp)x) 

finitely many V 

= ^ (y,7r(e^egp)x) = (2/,7r(ei^e3p)x) = (y,7r(p)x). 

finitely many V 

Since the linear space of X-finite vectors is dense in E* , we have 

7r(egp) = 7r(p), 

and therefore 7r(p)ii^ is the subspace of G-invariant vectors in E. 
Finally we complete the proof by taking p„ = Pd(„ q) * = 

Lemma 3.3 Suppose char{F) ^ 2. Let a be as in proposition 
Let /3 E [0, Then there exists C > 0, such that for any C € M^, 
any {E, vr) G ^cc+pij f^^*^ ^''^U K-invariant vectors G E, r] £ E* of 
norm 1, and any {i,j) G A with i — j > vq + 1, we have 

where C is a constant depending on q,h,V(),a, p. 

Lemma 3.4 Let F be of any characteristic. Let a be as in proposition 
\2.1\ and (3 G [0, Then there exists C > Q, such that for any 

C G M!j_, any {E,Tr) G £g,c+I31, o-i^'d any K-invariant vectors ^ £ E, 
rj £ E* of norm 1, and {i,j) G A with j > 2, we have 

\c(i,j) - c{i + 1, j - 1)1 < C'e2^+^'-(^-'')^'. 

Proof of proposition 13.11 assuming lemma 13.31 and 13. 4t We 

use the zig-zag argument from [LafOSj. We put 

Sa = {{i,j) G A|0<i-2j <a}. 
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First we move any € A to the strip 5*3. Then we show that we 
can move any € 5*3 to the Hne i = 2j using the moves inside 5*4, 
and then we move to infinity along this hne as ihustrated below. 




Precisely, when i>2j> 0, we have {i, [i/2\) G S2 C S3 and 
\c{i,j)-c{i, [i/2\)\ 

< C7'e2^-(f-2/3)\ (1) 
When 2j>i> 0, we have {i + - f^l) S ^3, and 

c(^,J)-c(^+^^l,J-^^l) 

< ^/g2C-(f-/3)i+/3j + , , , + (7'e2C-(f-/3)(i+r2ipl-l)+;3(j-r22pl+l) 

<C7'e2^-(if-/5)(^+J'). (2) 
For any G S'3, if i G 2N + /c, /c G {0, 1} then 

\c{i,j) - c{i + k,{i + k)/2) I < C'e2^-(t-2^)\ (3) 
In fact, by lemmas 13.31 and 13.41 when (i, j) G 5*4 we have 

max(|c(i, j) - c(i, j + 1)1, |c(i, j) - c{i + 1, j - 1)|) < C' e^^-^^^-^^^K 

When i G 2N and G /S'3, we get inequality ([3]) by considering 

the move i->- {i,i/2). When z G 2N + 1 and G /S'3, there 

exists k G {0,1}, suth that {i + l,j + A; — 1) G ^4. Therefore, we 
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obtain inequality ([3]) by considering the following moves inside 5*4 : 
(ij) ^ + k)^{i + l,j + k-l)^{i + l,{i + l)/2). 

Combining inequalities ([T]), ([2]) and ([3]) we obtain: when i > 2j > 
0, and i e 2N + A;,A; G {0,1}, 



\c{i,j) - c{i + k,{i + k)/2)\ < C"e2^-(t-2«*; 
when 2j > i > j > 0, there exists k G {0, 1, 2} such that 



(4) 



Hi,j)-c{ilii + j)\+k,^i[^ii + j)\ + k))\ < (5) 

Finally for any j > 0, we have 

|c(2j,j)-c(2j + 2,j + l)|<CV^-2(t-2/5)^-_ 

Proposition 13.11 is then proved. □ 
It remains to prove lemmas 13.31 and 13.41 To prove these two lem- 
mas, we quote lemma 4.4 from [Laf09| which is a variant of fast Fourier 
transform. 

Lemma 3.5 Let x ■ ^ ~^ be a non trivial character. Let h G 
N*,a G M:^,n G N*. Let E be a Banach space such that \\T(^^^hQ (8) 
IbII ^ o,nd let {^x,y)x,yeO/'K"0 be a family of vectors of E. Then 



E 



E 



E lie., 

x,yeO/TT"0 
i+j 



y\ 



Proof of lemma [3. 3 1 Denote m = [^J , and ni = 2m — 2j — vq. 

Let x,y,a,b G O/n'^^O, and let a : O/n'^^O ^ O he a section. Let 
/3(a, b)~^, a{x, y) be the elements in G defined as follows. 



/3(a,6)-i 



vr 



i—m+j 



\ 



vr 



-i+m~j 



( 



1 


cr(a) 



\a{aY-2a{b) a{a) 1/ 



a{x,y) 



1 

1 

a{x) 1 

\a{xf + 2a{y) a{x) 1/ 



-m+j 



IT 



m-j 



vr 



m-j 
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Then 



vr 



/3(a,6) ^a{x,y) 



TT 



i-m+j 



^-i+m-j 



\ 



I 



1 





1 

cr(a) + cr(a;) 1 1 

Vc7(a)2 - 2(7(6) + (7(a;)2 + 2(7(y) (T(a) + (t(x) 1/ 



TT 



V 



Recall from the second section that for any g € KD{k,l)K, is 
the biggest norm of all matrix elements in 5, and q^'^^ is the biggest 
norm of all 2 X 2 minors of 5. It is easy to see that 



\k\l5{a,h))\\=q'+i,\\K\a{x,y))\\=q 



_ „2m-2j 



and 



a, 6) ^a{x,'. 



q 



On the other hand, we calculate the minor of rows 3, 4 and columns 
1, 2, 



det 



-i+m-j 



a{a) + a{x) 1 
aiaf - 2u{h) + u{xf + 2cr(y) (7(a) + (t(x) 



(C 



Since the norm of the minor of rows 3, 4 and columns 2, 4 is g*^-' , we 
have 

\\k^{P{a,h)-^a{x,y))\\ = max(g^+2'"-^-^ 

where v € {0,1,..., 2m — 2j} is the valuation of 2{y — ax — b) G 
0/7r2™-2iO. Lety = ax + b + tt'^^'^s, where £ G F. When e = 0, we 
have V = 2m — 2j and 

^(a,6)-ia(x,y) Gi^L>(z,jK- 
When e G F* we have v = 2{m — j) — 1, and then 
P{a,b)-^a{x,y)eKD{i,j + l)K. 
Let X : F ^ C* be a non trivial character. By Cauchy-Schwarz 



TT 



TT 



m-j 
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inequality and lemma [331 we have 
|c(«,j) - c{i,j + 1)1 

= q\ E xie)CT^iPia,b))r],7r(aix,ax + b + 7r''^-h))0\ 



< 



I J E ||*^(/3(a,6))r?||2x 



E II E x(e)7r(a(a;,aa; + 6 + 7r"i-i;r))^||2 

and the lemma follows immediately. □ 
Proof of lemma 13. 4t Let x,y,a,h € 0/t:^^^0, and let a : 
O/tt^-^O ^ O be a section. Define 



/3(a,6)-i 



a{x,y) 



\ 

( 1 





/ 1 

l+7rcj(a) 1 





Tr-y V -o-(6) -l-7ra(a) 1/ 



-J 



1 

o-(x) 1 

\7rcj(y) + cr(x) 1/ 

Then we have 



G G. 



/ 1 

1 + 7rcj(a) 

cr(x) 



1 




1 



TT */ \7r((j(y) — cj(a)cj(x) — cr(x) — 1 — 7r(T(a) 1/ 

1 



1 



V 



Firstly, we see that 

||A2(/3(a,6))||=gM|A2(a(x,y))||=g^ 



and 



||A2(/3(a,6)-ia(x,y))||=g^+^ 
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which is the norm of the determinant of the submatrix of rows 2, 4 
and columns 1, 3. Denote the valuation oi y — ax — b £ O/tt^^^O by 
V € {0,1, . . . , j — 1}, and we have 

||/3(a,6)-ia(x,y)|| =max(g\g^+^— 1). 

Let 

y = ax + b + 7r^~'^e, e G F' 
When e = 0, we see that v = j — 1 and 

/3{a,b)-'^a{x,ax + b) G KD{i,j)K. 

When e S F* we have v = j — 2, and therefore 

(3{a,b)-^a{x,ax + b + TT^-^e) G KD{i + l,j - 1)K. 

Let X : If ~^ C* be a non trivial character. By the same estimates 
as in the end of the proof of lemma [3^ (ni replaced by j — 1), we have 

\c{i,j) - c{i + 1, j - 1)1 

□ 

As for proposition 13.21 we need two similar lemmas as follows for 
its proof. 

Lemma 3.6 Suppose char{F) ^ 2. Let a be as in proposition \2.1\ 
/3 G [0, and (V, r) a non trivial irreducible unitary representation 
of K which factorizes through Sp4{0/'K^0) for k > 1. There exists 
C > 0, such that the following holds. Let C G M^, (E, vr) any element 
£g,c+pIj ci^d ^ ^ E, T] ® E* any K-invariant vectors of norm 
1. Then for any {i,j) G A with i — j > 2k + vq, we have 

\\c{i,j) - c{i,j + l)\\v < C"e2^-(¥-2«^+¥i. 

Lemma 3.7 Let F be of any characteristic. Let a be as in proposition 
\2.1l (3 G [0,^), and {V,t) a non trivial irreducible unitary represen- 
tation of K which factorizes through Sp4^{0 /tt^O) for k >\. There 
exists C > 0, such that the following holds. Let C G M!j_, {E,tt) any 
element in £G,c+i3e> (^'>T'd i^E,r]^V®E* any K-invariant vectors 
of norm 1. Then for any {i, j) G with i + l>j>2k + 2, we have 

\\c{ij) - c{i + l)\\v < C'e^^+^'-^'^-^^\ 

In particular, 

\\cij - 1, j) - c{j,j - l)\\v < C'e'C-C-^-mj, 
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Lemma 3.8 Let h,a,n,E as in lemma [375[ Let k £ {0,..., [n/2j}, 

eo G F*, and let i(.x,y)x&7T''0/7r"0,y€n^''0/7z"0 a family of vectors of 
E. Then there exists a constant C2 depending only on q, such that 



E 

ae7r*0/7r"C>,6g7r2fcO/7r"C> 



, F ^x,ax+b+TT'^-'^eo , ^ ^x,ax+b 

xi^ti^O/tt^O x^-k^O/ti-^O 



2 



I n — 2k 



Proof: When = 0, let / be the function on F defined by /(eo) = 
g, /(O) = — g, and zero elsewhere. The left hand side of the inequality 
is equal to 

Write / = Yli y^-ti fxX with € C, then by the triangular inequal- 
ity and and lemma 13.51 the left hand side is equal to 

IE, II /x X{£)L,ax+b+n^-^ef 

a,bGO/TT"0 x(^0/iv"0,£& ' 

a,b&0/-n"0 

where C2 = (E^eF.xy^i \k\f ■ 

In general, let s : 0/'k"'~'^^0 — )• O/tt^'^O be a section, and for 
any S O/'k^'-'^^O let 

For any a,x G vt^O/tt"©, the product ax G O/tt^O only depends 
on the images of a,x in ir^ O / Tr^~^ O . So the left hand side of the 
inequality is equal to 

By applying the lemma when /c = to {Cxi,yi)xi,yieo/TT"-'^''0 '^^ S^^ 
the inequality in the lemma with the same C2. □ 
Proof of lemma 13. 6t 

Let m, X, y, a, b, e, a, a{x, y), I3{a, b) be as in the proof of lemma [3T3l 
We recall also from the proof that 

||A2(/3(a,6))|| =g*+M|A2(a(x,y))|| =g2— 2.-. 
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Let £o be image of 7r"°/2 in F*, and let 

£1 = 2Tr-^"'+^^+\a{y) - a{a)a{x) - a{b)) G O. 

Recall that y = ax + b + 7i-2™-2i-fo-i£^ -^g have £i modTrO 
Let ki be the element in K defined by 



£n e. 



( 



ki 








1 \ 

-7r^-2"»+i(CT(a) +a(x)) 1 



-1 
V-7r^-2"»+i(cx(a) + a{x)) -1 



^2j-2m+2j 



/ 



and let 
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kiP{a,b) ^a{x,y) 











-1 
V-7r^-2"^+^((7(a) + a{x)) -1 





1 \ 

-Tr'-^'^+^{a{a) + a{x)) 1 

.^i-2m+3i+l(^(^) + (7(x)) TT^i+l 

y 



TT 



2i-2rra+2i 



TT 



i-2m+2j 



TT 



TT 



7r-'((T(a) + (J(x)) 

/7r-*(cj(a) + C7(x)) TT-^ \ 

7r~^~^£i — 7r~''((T(a) + cr(a;)) 7r~^ 

7rJ(£i-l) -7rJ'+i(c^(a) + ct(x)) tt^+i 

V TT* / 

When £ = 0, we have 



-i+2m-2j 



TT 



V 



TT-' 



TT 



TT-V 



/f7(a) + cr(x) 1 



TT 



2m-2j 
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V 



vr "^£1 — (cr(a) + cr(x)) 1 
£i — 1 — 7r((T(a) + (t(x)) TT 
1 



1 

TT 

0/ 



which is an element in K. When £ = £o, we have 



V 



vr- 



TT 



TT-V 



51 



/ a{a) + (t(x) 1 

£i 

7r-i(£i - 1) 

\ 



TT 



2m~2j 



-7r((T(a) + cT(a;)) vr 
-(a(a) + cj(x)) 1 
1 0/ 



which is also in K. Denote ^x,y = 7r(a(x, y))C, Vafi = (ldy(8'*7r(/3(a, 6)))?7 
and ni = 2(m — j) — vq. Note that c{k'gk") = T{k')c{g) for any 
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A;', k" & K, g £ G, we then have 



E 

a,i'G7r'=C'/7r"lC),6e7r2feC'/7r"lO 



c{i,j) - c{i,j + l)\\v 

(6) 

When i — j > k + vq and a, x G vr^O/vr"^©, we have 



/O 1 \ 

1 

-1 7r2j+i 

V -1 / 



modTT^O, 



so (El) becomes 



9 



E 

a,xen''0/n"lO,b£n^'=0/TT"lO 



{Va,b,Cx ,ax+b+TT'^i-^eo) {'na,b^ Cx,ax+b) ] 



By Cauchy-Schwarz inequahty and lemma [3T8l (when i — j > 2k + vq), 
it is less than 



<a I E I 



?a,bPx 



E II E Ca: aa'4-fo-l-7r"i~"'"£n ^ ^x ax-^-bW^ 

aG7r'=C'/7r"lO,6g7r2'=0/7r"lC' xG7r'=e'/7r"l O ' a;G7r'=e'/7r"l O ' 



□ 



Proof of lemma 13. 7t 

Let x,y,a,b,e,a,a{x,y), I3{a,b) be as in the proof of lemma 
Prom the proof we have 

\\A^f3ia,b))\\ = q\\\A^aix,y))\\ = . 

Denote ei = ■K~^~^'^{a{y) — a{a)a{x) — a{b)) E O, and we have 
Si mod ttO = e. Denote ai = 1 + 7r(T(a) E O. For any i + 1 > j > 1, 
let ki be the element in K defined by 



ki 



Denote 










1 







1 



1 \ 



V-1 7r*af^(l -ei) -7r*-J+V(x) -K^'^+^ai tt^^-^+i 
51 = A:i/3(a,6)"^Q(x,y) 
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/o 








1 







1 



1 _ \ 

ai 



TT a 



-1 



V-1 7r'a];^(l -ei) -7r^-J+V(x) Tr^-J+^ai tt^^-J+i / 



\ 



1 

7r-V(x) 1 
Vvr^^-iei 7r~V(x) -vr-^ai tt'^+V 

7r^*^-^ei 7r^V(x) — 7r~*ai 

7r--'ai(l - ei) 1 - 7r-J'+iaicr(x) n-^+'^al 



\ 








7rV'(l-ei) 



Tcai 

-1 



When e = 0, we have 
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[ n-^J 








a{x) —ai 






ai(l- 


^i) 


TT^ — 7raia{x) naf 









— vr^^a^f^ei 






V 




ar'(i-'^i) 




TT J 


1, we have 












1 


\ 






















ai 




I 












Tra{x) 


-vrai iT^^^ 



G K. 



vr ^ai(l — ei) vr-' ^ — aia{x) af —ir^ai 



\ 












vra 



-1 



€ K 



7r-ia^^(l -ei) 1 / 

When j >2k + 2 and a,x G 7r'=0/7r-''"iO, we have 

1 \ 

n 1 n —-TT 



-vr 



/ 

1 

1 

V-1 7r*-J+i / 



mod TT^O. 



By the same estimates (with ni replaced by j — 1 and eo by 1 G F* 
as in the end of the proof of lemma 13.61 we have 



|C(Z, j) - C(Z + 1, J - l)\\v < e^+« . c,q^h-l . ^-2i^-l)a , ^c+p^ 
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Let Ki be the subgroup of K consisting of elements of the form 

/* * \ 

, and K2 consisting of elements of the form 

/I \ 

* * 



□ 



I.e. 



where Q 



1~ 



A 



V 

\A € GL2{0)}, 



, and 



K2 = { 



B 



\B € SL2{0)}. 



Lemma 3.9 Let F he of any characteristic. Then K = (i^iif2)^°- 

Proof: Denote B the lower triangular matrices in K, and W the 
Weyl group associated to G = Sp4{F). Denote 

/O 1 \ /I \ 



W21 



1 



V 



1 

1 oy 



,W32 



1 
-1 



V 



1/ 



The dihedral group W (of order 8) is generated by W21 and ws2, which 
are reflections w.r.t. the axes x = y and x = 0, respectively. Since 
W21 G Ki and Ws2 £ K2 wc obtain W C (ii'ii^2)^- 
Denote for any a G O, 



M2i(a) 



/^3i(a) 
















\ 


a 


1 




,M32(a) = 




1 









1 




a 


1 


V 




—a 1 y 




V 




V 


/I 




\ 


/ 


'1 




\ 





1 




,/X4i(a) = 





1 




a 





1 








1 


VO 


a 


1/ 


\ 







1/ 
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By calculations we have 

/X4i(a) = W2ilJ-32{a)w2i € {KiK2f 

and 

A*3i(a) = M2i(-a)At32(l)/^2i(a)y^32(-l)Ai4i(-a^) € {K1K2Y . 
Any element in B has the form 



/I 



c 6 1 
\d c — ab —a ij 



\ 



f 



\ 



where a,b,c,d & O and e, / € , which is equal to 



/^2i (a)M32 (?')/i3i (c)/i4i {ac + d) 



f 



f 



-1 



v 



So we have B c (Kii^s)^^- 

By the Bruhat decomposition, we have K = BWB = {KiK2)^'^.n 

Lemma 3.10 Let K he any compact group, {i^j}i<j<n 0, family of 
subgroups such that K = {K1K2 ■ ■ ■ K^)^ for some N G N*. Then 
for any finite dimensional unitary representation (V, r) of K without 
invariant vector, and any x eV, and yi EV invariant by Ki for each 
1 < i < n, we have 

\\x\\v < 2nN max {\\x — yi\\v}- 

l<i<n 

Proof: Since ||r(A;)x — = 2||x||y > we sec that there 

exists a k & K such that ||r(A;)a; — x\\v > ll^^lll/- Suppose that k = 
(fell . . . kni) ■ ■ ■ {km ■ ■ ■ Kn) with kij G Ki{l < i < n,l < j < N). We 
then have 

l<i<n,l<j<N 



<2 V \\yi - x\\v < 2nN max {\\x - yiWv} 

^ — ' l<i<n 

l<i<n,l<i<Af 



□ 
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Proof of proposition 13.2^ By lemmas \3M and \37l\ we obtain two 
similar inequalities as (jH) and ([5]) in the proof of proposition 13.11 (using 
the same argument): when i >2j > 0, and i G 2N + k,k £ {0, 1}, 

\\c{i,j) - c(i + A;, (i + k)l2)\\y < C'e^^~^r.-mi. 
when 2j > i > j > 0, there exists k G {0, 1, 2} such that 

Mi,j) - c(L^(^ + J)J + k, ^(L^(z + j)J + k)) \\v < C7V^-(f-2/3)^ 
So it remains to prove 

First we see that 

max(||c(2j,i)-c(2j,0)|lv, ||c(2i, j)-c(L3i/2j, L3i/2j)||y) < CV^~(t-2m-, 

Moreover, c{k'gk") = T{k')c{g),yk' , k" e K,g e G, and it follows that 
c([3j/2j, [3j/2j) is invariant by Ki, and that c(2j, 0) invariant by 7^2- 
By applying lemma [3. 101 to K = {KiK2)^^, we complete the proof of 
the proposition. □ 



4 Proof of theorem [2^31 when char(F) = 

2 

In this section we prove theorem 12.31 when char(F) = 2. Throughout 
this section we assume F is of characteristic 2. 

Lemma 4.1 Let a > as in proposition \2.1l f3 € [0,^). Let {V,t) 
he an irreducible unitary representation of K which factorizes through 
Spi{0 /t:^0) for k > 0. There exists C > 0, such that the following 
holds. Let C € M^, {E,7r) any element in Ecc+ptj o,f^d & E, 
r] € V(giE* any K-invariant vectors of norm 1. Then for any {i,j) € A 
with i — j > 4:k + 2, we have 

\lc{i,j) - c{i,j + 2)\\v < C'e^'^-^'K-m^+V. 

In particular when (y, r) is the trivial representation of K ( and V = 
C), we have 

|c(i,j)-c(i,J+2)|<C'e2^-(f-2«^+f^ 
for any {i,j) G A with i — j > 2. 
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Proof: Since chax(F) = 2, we have — 1 = 1 in F. Let m = [^J, 
x,y,a,be 0/Tr"'-^-^0, a : 0/tt"'-^-^0 ^ a section. Let 

^{a,b)-'-- 



V 7r-'^+V(6) TT-'"/ 



a{x,y) 

Then 
/ 



TT 



-m+j 




TT 



-m+i 





V 7r-"^+V(x)2 7r-"^+^((7(x) + 7r(7(y)) Tr"*-^ 

/3(a,6)~^Q!(x,y) = 

i-2m+2j 







TT 



TT *(7r(T(f)) + (t(x) + 7rc7(y)) 



7r-'(l + 7rcj(a))2 



TT 



-i+2m-2j 



V 



TT 



-2m+j 



We see that 

II A2 (^(a, 6)) II = II (a(x, J/)) II = 
Denote a\ = {'JTa{b) + a{x) + 7rcr(y))/(l + 7r(T(a))^, and 

£1 = 7r-™+^+2(a(y) + a{a)a{x) + a{b)) G O. 
Let ki be the element in K defined by 

1 

n 7r«-2 



/ 



1 

V7r*-2™+%i 1 7r2^-2"^+2i(l + 7rc7(a))-2 



\ 

1 



TT 



2i+2 

J 



and let 



31 = kiP{a,b) ^a{x,y) 



/ 1 \ 

tt'-^'^+^i 1 

\^^i-2m+j^^ 1 7r2^-2"»+2j(l + 7r(7(a))-2 y 



TT-' 



■K~^{Tra{b) + (t(x) + Tra{y)) 



TT 



i-2m+2j 



V 



TT 



-2m+j^(2,2 



7r-*(l + 7ro-(a))2 



^-i+2m-2i 
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/ TT^'ai{l + TTa{a)f 


























\ 





7r*(l + 7rCT(a))-2 


/ 



When e = 0, we have |ef | < ^ ^ and 



TT-' 



TT 



V 



/ ai(l + 7rCT(a))2 (1 + 7rcj(a))2 
7r-2e2(l + vrcj(a))-2 
e2(l + w(a))-2 + l 

V 
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ai 



TT 



1 

2 



(l + 7rCT(a))~2 oy 



When e = 1, we have 



|e?(l + 7ra(a))-2 + 1| = | (ei(l + 7ra(a))-^ + < r^ 
and then 



V 



IT- 



■i+2 



TT 
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/ ai(l + 7rc7(a))2 (1 + w(a))2 

ef(l + 7rcj(a))-2 
^-2(e2(i + vra(a))-2 + l) 



vr 



2m-2j 

vr^ai 
ai 



^2 



V 











(1 + 7ra(a))-^ 0/ 



When i-j > Ak+2 ,a,x £ tt'^O/tt'^-^-^O, and 6, y G tt^'^O /Tr"'~^"^0, 
we have 








1 





\ 











1 




1 










^2 


\o 


1 








/ 



mod TT^O. 



By replacing ni by m — j — 1 at the end of the proof of lemma 13.61 we 
get 

\\c{i,j) - c{i,j + 2)\\v 
< C7'e2^-(7r-2/3)*+f J. 



□ 
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Proposition 4.2 Let a > 0, /3 G [0>^)- There exists C > 0, such 
that the following holds. Let C € M^, {E,tt) any element in 8g,c+PI} 
and £ E, rj E* any K -invariant vectors of norm 1. There exist 
Co, ci G C, such that 

for any G A with i + j G 2N + /, / = 0, 1. 

Proof: We apply the same argument as in the proof of proposition 
13.11 using lemma Em (which is still true in characteristic 2) and lemma 
14.11 (in the particular case when (V, r) is the trivial representation of 
K). We will get two limits because the moves ^ {i + 1, j — 1) 
and {i,j) i-^- {i,j + 2) generate a sublattice of of index 2. 

First, we put = G A|0 < z - 2j < a}. When < 2 j < i, 

we have + 2[^^^J) G 54, and by the particular case of lemma Id) 
when {V, r) is the trivial representation of K, we get 

\c{^,j)-c{^,J + 2[^\)\<C'e'^'(^^-'^^\ 

When < i < 2j, we have (i + - [^1) ^ S3 C S4. By 

lemmas 13.41 we have 



Moreover, when {i,j) G S4, there exists k G {0, 1,2} such that 



\c(ij) - c{i + k,^{i + k))\< C"e2^-(^^-2/^)2,_ 
In fact, when {i,j) G Ss, we first have 

max(|c(i, j) - c{i,j + 2)1, \c{i,j) - c{i + l,j - 1)|) < C'e^^-^^-^^^\ 

It suffices to show the inequality when i — 2j G {1, 2, 3, 4}, by consid- 
ering the following moves inside Ss- When i — 2j = 1, we obtain the 
inequality by considering (2j + 1, j) (2j + 2, j — 1) 1-^ {2j + 2, j + 1). 
Wheni-2j = 2, we consider (2j+2, j) ^ (2j+4, j-2) ^ (2j+4,j+2). 
When i — 2j = 3 or 4, use the moves {2j + 3, j) 1-^ {2j + 2, j + 1) and 
(2j + 4, j) H- (2j + 4, j + 2) respectively. 

In sum, when i >2j > 0, there exists k G {0, 1, 2}, such that 

\c{i,j) - c(i + k, ^{i + A;))| < C"e2^-(#-2/3)^ (7) 
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when 2j > i > j > 0, there exists k G {0, 1, 2, 3} such that 

\c{i,j)-c{l^{i + j)\+k,^{l^{i+j)\+k))\ 

< C'e^^-^f.-^^^' < C'e2^-(ifr-2/5)\ (8) 

Finally the proposition follows from the inequality 

|c(2j, j) - c(2i + 4,i + 2)1 < 

□ 

Proposition 4.3 Let a > 0, /3 G [0,^), and {V,t) a non trivial 
irreducible unitary representation of K . There exists C > 0, such 
that the following holds. Let C G M^^, {E,ii) any element in Scc+pi) 
and ^ E, r] ® E* any K -invariant vectors of norm 1. We have 

W,j)\\y<C'e'^-^^n-^P)\ 

Proof: As ([7]) and ^ in the proof of the above proposition 14. 2^ 
by lemmas 13.71 and 14. H we have the following inequalities. When 
i > 2j > 0, there exists A; G {0, 1, 2}, such that 

\\c(^J) - c(z + k, ^{i + kMv < C'e2^-(^^-2/')\ 

When 2j > i > j > 0, there exists k G {0, 1, 2, 3} such that 

\\c{i,j) - c( [^{i + j)\ + fc, 1( [^(i + j)\ + k)) \\v < C'e^^-'^^n-mi, 

So it remains to prove that for any j G N we have 

\\c{2j,j)\\y<C'e^^~'^^^-'P)'K (9) 

First when j G 2N, we know inequality ^ holds. In fact, by 
lemmas 13.71 and 14.11 when j G 2N we have 

:(2j, j)-c(2j,0)||v, ||c(2i, j)-c(3i/2,3j72)||v) < C7V^-(ir-2^)2i. 



max c 



Let Ki, K2 be the subgroups of the group K as lemma [3^91 By lemmas 
]9] and 13.101 we get inequality Q . 

It remains to show inequality ([9]) when j G 2N + 1 . We first have 



max 



(||c(2j,i) - c(2j + l,0)||y, ||c(2j,i) - c{2j - + L|J) \\v) 
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Note that lemma [3^71 is still valid for i = j — 1, i.e. 



|c(2j-L|j,j>L|j)-c(2^--L|j-i,^>L|j + i)lk<cV^-(^^3^)^-. 



Then we have 



\\c{2j,j) - c(2j - L|J - l,i + L|J + 1) \\v < C'e' 

/O^ TrO\ fO^ O 
Denote Bi.Bo the image in Ki of and 

\0 O J \kO O 

respectively, under the group isomorphism GL2{0) — )• Ki. We see that 

Ki = {BiB2f. Moreover c{k'gk") = T{k')c{g) for any k' ,k" e K,g e 

G, it follows that c(2j + 1, 0), c(2i - L|J , j + LIJ) , c{2j - L|J + 

1-2-1 ~'~ ^) invariant by K2, Bi, B2 repectively. By applying lemma 

Km to K = {BiB2K2f°, we obtain inequality 1^ for j G 2N + 1. □ 

Proof of theorem 12.31 when char(i<') = 2: For simplicity we say 

that an element (7 € G is even (resp. odd) when g G KD{i,j)K,i > 

j > and i + j is even (resp. odd). By proposition 14.21 we see 

that when g is even (resp. odd) and tends to infinity, the limit of 

eKSgSK exists in C^,j^pg{G), which we denote by Tq (resp. Ti). Let 

p = i(ro + Ti). 

First for any g G G we have 

exegTo = a{g)To + l3{g)Ti, (10) 

and 

eKegTi = P{g)TQ + a{g)Ti, (11) 

where a{g) (resp. P{g)) denotes the volume of the set of elements 
(/ci, A;2, fca, ki) G K such that 

\\gkl^gk2\\eq^^{TesV■ q^^^')- 

In fact, when i + j £ 2N (resp. 2N + 1) with (i, j) G A and when 
\\gki A gk2\\ > q''^-' , gkD{i,j) is even exactly when \\gki A gk2\\ G q"^^ 
(resp. g^^"'"^). Hence we have 

lim vol{A; G K, gkD(i, j) is even} = a{g){ resp. (3(g)), 

i+j€2N{ resp. 2N+l),j-s>oo 

and also 

lim voljfc G K, gkD{i, j) is odd} = (3{g){ resp. a{g)). 

i+j e2N{ resp. 2N-|-l),j-!>oo 



24 



We have for any g & G, ex^gp = p, and thus = p. In fact, 
denote a (resp. f3) the volume of the set of elements (%)i<i,j,<4 S K 
such that 

\kuk22 - k2iki2\ G q^^, 
(resp. We see that 

a = lim a(D(i, j)) = lim BiDii, ?)), 
and that 

/3= lim B(Dii,j))= lim a(D(i,j)). 

In pUj) , let g be even or odd and tends to infinity, we get the following 
inequalities respectively: 

t2 = aTo + /3ri, 

and 

TqTi = /3To + aTi. 
Similarly in ()lip . let g be even or odd and tends to infinity, we have 

ToTi = /3To + qTi, 

and 

T^ = aTo + m, 

respectively. Therefore we have Top = Tip = p (since a + /3 = 1) and 

exegp = CKegTop = {a{g)To + /3{g)Ti)p = p. 

By proposition 14.31 for any non trivial irreducible representation 
y of we have e^CgTo = e^CgTi = 0. By the same argument as in 
the proof of theorem when char(F) 7^ 2 in section 2, we have 

egP = exegp = p. 

We complete the proof by taking 

Pn = 2 (^-f^^i^CsLf J,o)ex + exez)(2[aj-i,o)ei4')! 
and t = ^ - 2/3. □ 
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5 Extension to simple algebraic groups 
of higher split rank 

Let F be a non archimedian local field. This section is dedicated 
to the proof the the following theorem, which is theorem 11.21 in the 
introduction. 

Theorem 5.1 Let G be a connected almost F -simple algebraic group. 
Then G{F) has strong Banach property (T). 

We begin the proof with some lemmas. The following lemma is 
proposition 8.2 in jBor j . 

Lemma 5.2 Let k be a field and H an abelian k-group. Let n : H ^ 
GL„ be a k-rational representation. Then tt{H) is conjugate over k to 
some subgroup of the group of diagonal elements in GL„. 

The following lemma is a consequence of theorem 7.2 in [BTj . which 
is also proposition 1.1.6.2 in [Mar j . 

Lemma 5.3 Let k be any field and G a connected almost k-simple 
group with k-split rank > 2. Then there exists a k-rational group ho- 
momorphism with finite kernel from SL^ or Sp4 to G. 

The following lemma is a direct consequence of propositions 1.1.3.3 
(ii) and 1.1.5.4 (iii), and theorem 1.2.3.1 (a) in [Mar]. 

Lemma 5.4 Let G be a simply connected and almost F-simple group. 
Let S be a maximal F-split torus of G, ^{G,S) the root system with 
some ordering and "Q a proper subset of simple roots. Then there exist 
two unipotent F -subgroups V^,V^ of G, and two S-equivariant F- 
isomorphisms hieV^ V{},h[eV^ 1^^, such that 

• (i) LieT^ (resp. Liel/j" ) is the direct sum of eigenspaces of posi- 
tive (resp. negative) roots which are not integral linear combina- 
tions of'd, and 

• (ii) V{){F) U V^{F) generates G{F). 

The next two lemmas reduce the proof to the simply connected cov- 
ering of our algebraic group. 

Lemma 5.5 (proposition LI. 4- 11 in IMarf ) Let k be a field, and let G 
be connected semisimple k-group. Then there exists a simply connected 
k-group G and a k-isogeny (i.e. surjective k-group homomorphism 
with finite kernel) from G to G. 
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Lemma 5.6 Let Gi be a locally compact group and G2 its quotient 
by a finite normal subgroup. Then Gi has strong Banach property (T) 
if and only if G2 has strong Banach property (T). 

Proof: Let H be the kernel of Gi G2- Suppose Gi has strong 
Banach property (T), and let p„ G Cc(Gi) be real and self-adjoint ele- 
ments (otherwise take Pn + Pn + Pn + Pn) that tends to the idempotent 
element in Then ( E h^Pn tends to a real and self-adjoint 

(since H is normal) idempotent element p' in C^_,_g^(G2) such that 
egp' = p' for any g G G2. On the other direction, if G2 has strong Ba- 
nach property (T), let p„ € Gc{G2) tend to the idempotent element in 
Cc+stiG'i)i '^^d denote its lifting to Cc(Gi) by p„ (i.e. Vn{gh) = Pn{g) 
for any g £ Gi, h € H). Since for any (i?, vr) € <?Gi,C+sf we have 

Ik(Pn) - Vr(p„)||£(E) = ||7r(p„) - T^{Y>m)\\c{EH)^ 

where denotes the space of //-invariant vectors, we conclude that 
p„ tends to a real and self-adjoint idempotent element p in C^_,_g£(Gi) 
such that e^p = p for any g £ Gi. □ 
Proof of theorem 15. It In view of lemmas 15.51 and \5.6\ we can 
assume G is simply connected. By lemma [531 there exist a subgroup 
R of G{F) and a surjective group homomorphism / from SL3{F) or 
Sp4{F) to R with finite kernel. Let p : F* ^ SL3{F) (resp. Sp4{F)) 
be the group homomorphism defined by 

\ 



X I-)- 




for any x (z F, and let a = I o p{tt), where vr is a uniformizer of F. 
By lemma [521 the set of eigenvalues of Ad{a) is a subset of vr^ which 
contains {1} as a proper subset. Let 5 be a maximal F-split torus of 
G whose F points contains a. We can choose an ordering of ^{S, G) 
such that \xici')\ < 1 for any simple root x- Let be the proper subset 
of simple roots x such that |x(a)| = 1; and let V^, be as in lemma 

Ml 

For simplicity denote G{F) and V^{F),V^{F) by G and V^,V^ 
from now on. Let |[ • || be the norm on LieG defined w.r.t. some 
F-basis. Let £' be the length function on G defined by 



/(5)=l0g||Mff)llEnd 



(LieG) • 



Let £ he a class of Banach spaces of type > 1 stable under duality and 
complex conjugation. Let s,t,C,C' € K^,p € C£.^_,_(^(i?), Pm G Cc{R) 
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verify the conditions (i) and (ii) of theorem 12.21 if R is isogenous to 
SLsiF), or of theorem EJ if R is isogenous to Spi{F), where k € 
such that £'\fi < ni. Let U be an open compact subgroup of G and 
/ = • Then to estabhsh that G has strong Banach property (T) 

it suffices to show that if s is small enough the series pmf ^ Gc{G) 
converges in C^gi_^_^{G) to a self adjoint idempotent p' such that for 
any {E,7t) € £g,s£'+Cj the image of vr(p') consists of all G-invariant 
vectors of E. First it is clear that the series Pmf is a Cauchy series in 
Cg£i+c(^) ^^'^ ^'^^^ p' its limit (in fact p is a multiplier of Cf^,_,_(^(G) 
and p' = p/). Let {E,Tr) G Scsi'+c- It is obvious that vr(p') acts by 
identity over any G-invariant vector. It remains to show that for any 
X € E, 7r(p')x is G-invariant (in fact it follows that p' = f*p' = f*pf, 
so p' is self-adjoint). In view of statement (ii) of lemma [531 it suffices 
to show that 7r(p')x is l^^-invariant and Vj^-invariant. 

We first show that 7r(p')x is Vjj-invariant. Let E : LieVjj he 
as in lemma E31 We know that tt(p')x is fixed by R, then in particular 
by a. It suffices to show that for any Y G LieVjj, 

7r(^(y))^(p')a; - vr(p')x = ^(E(y))7r(a-")7r(p')x - ^(a-")^(p')x 

= ^(a-")(^(a"S(y)a-")-l)^(p')x = 7r{a-''){-iT{E{Ad{a'')Y))-l)7r{p')x 

tends to when n G N tends to infinity. 

Let Y = "^xeA be the decomposition of Y under the adjoint 
action of a in LieV^, where A C F denotes the set of eigenvalues of 
the action. Due to the way •& is chosen, the eigenvalues of Ad{a)\i^iev^ 
are all of the form vr^* . Since U is an open subgroup of G, there exists 
r > such that when Y' and ||y|| < r, we have E{Y') G U. For 
any n G N, we put 

m = [riK^"^ log min lAI^"*^ + k^"^ log(r / max II^^aIDJ • 
AeA agA 

When n is big enough such that m > 0, we have 

7r(a~")(7r(i?(Mo")n) " l)vr(p™/)x 

= / Vm{g)T^{9)HE{Ad{g-^a'')Y))-l)T:{f)xdg. 
JR 

When l{g) < m, we have 

\\Ad{g-^a'')Y)\\ < e^'(f) max |An|n||Liey, < r, 

and hence 

{7r{E{Ad{g-'a^)Y))-l)7r{f)x = 0. 
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Therefore we have 

n{a-'-){'i:{E{Ad{a^)Y)) - l)7r(p^/)x = 

when n is big enough. 

On the other hand for any n € N, we always have 

agA AeA 

Hence 

Ma-'-){AE{Ad{a'-)Y)) - l)^(p' - p„/)x|b 
<e^+^^'('^)"(l + C")||vr(p'-p^/)x|[£;, 

where 

C" = sup \\TT{E{mayitxYx))\\c(E) < 

depends only on Y. But 

lk(p' - p™/)x|b < C'e2^-*™||7r(/)x||E 

by statement (ii) of theorem 12.21 if R is isogenous to SL3 (F) , or of 
theorem 12.31 if R is isogenous to 5*^4 (F) (we recall that C and t are 
the constants of theorem 12.21 and theorem 12. 3p . In total, when n is big 
enough 

||7r(a-")(7r(i?(Ad(a")y)) - l)7r((p' - p„/))x|b 
< e^+^^'('^)"(l + C")C'e^^-''^Mf)x\\E, 

and if 

it tends to when n tends to infinity. 

We prove 7r(p')rE is 1/^-invariant by exactly the same argument 
(with a replaced by and the ordering of ^{S,G) by its inverse). 

□ 
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